Both natural 1-5 and artificial 6-15 collective systems display order in their spatiotemporal patterns, and the information embedded in the structures of these patterns underlies many common characteristics. Although inherently out-of-equilibrium, these patterns may share similarities with well-understood phases of matter in equilibrium systems and thus may be called phases of collective systems and characterized by similar metrics 16,17 . Here we demonstrate the phases and phase transitions of an experimental collective system, devise a heuristic information measure based on a local neighbor metric to extract the global information content, and extend the system and the method of analysis to mimics of well-known phenomena in physics and in biology: gas effusion, gas mixing, and predator-prey behaviors. We expect that our findings not only shed light on the fundamental link between order and information in non-equilibrium thermodynamics but also guide the design of robot collectives towards their future potential applications in medicine, exploration, and manufacturing.
The study of collective phenomena starts with local interactions. Accordingly, our design of the collective system started with the design of pairwise micro-raft interactions (Fig. 1a) . The key feature of the parametric micro-raft model is the six cosinusoidal profiles along the edge ( Fig.  1b -1e) . The 6-fold symmetry in the structure translates into the 6-fold symmetry in the capillary interaction so that a single order parameter (hexatic order parameter) can be used to characterize the structures of various collective phases. These micro-rafts were coated with a layer of cobalt to make them magnetic and another layer of gold to protect the cobalt layer from oxidation. A custom-made two-axis Helmholtz coil was used to generate a rotating uniform magnetic field to spin hundreds of micro-rafts simultaneously (Supplementary Fig. 1a -1c) . Before experiments, the micro-rafts were transferred onto the air-water interface inside an area enclosed by features, such as squares or circles (dubbed "arena" hereafter) in a three-dimensionally (3D) printed containers ( Supplementary Fig. 1d -1h) . These containers were then transferred into the workspace of the coil setup.
Our previous studies [25] [26] [27] suggest that the magnetic dipole-dipole force is attractive upon averaging over a full revolution, but it needs to overcome the capillary repulsion in the far field. Therefore, we increased the diameter of micro-rafts from 100 µm to 300 µm and increased the thickness of the cobalt layer from 50 nm to 500 nm, thereby increasing the magnetic moment ~100fold compared with our previous reports. Consequently, the angle-averaged magnetic dipole force dominates in the far field (d > ~100 µm), whereas the angle-averaged capillary force dominates in the near field (d < ~30 µm) ( Supplementary Fig. 2 ). In the intermediate distances, the balance between the two main pairwise forces creates a coupled steady state: two micro-rafts orbit around each other at medium rotation speeds (Ω = ~ 10 -20 revolutions per second (rps)) ( Figs. 1f -1g,  Supplementary Video 1) .
The pairwise interactions show three types of transitions: assembling, disassembling, and decoupling (black, green and red curves in Fig. 1f, respectively) . In the assembling transition, two micro-rafts attach when Ω decreases below ~10 rps, as a result of the capillary torque overcoming the torque of the magnetic field 25, 27 . In the disassembling transition, assembled micro-rafts detach from each other, which may be due to the reorientation of the assembled micro-rafts and the resulting switch from capillary attraction to repulsion. We observe that not all pairs of assembled micro-rafts undergo disassembling transition at the same time, presumably because of the inhomogeneity in the magnetic properties of the micro-rafts. The third type of transition, the decoupling transition, is due to the hydrodynamic lift force 28 , which is always repulsive. The increase in the diameter of micro-rafts results in 3 7 (>2000)-fold increase in the hydrodynamic repulsion, whose magnitude becomes comparable with the angle-averaged magnetic dipole-dipole force at ~20 rps. Using experimental values and no fitting parameters, we built a numerical model to show that, as the rotation speed increases from 21 rps to 23 rps, the sum of all forces gradually becomes repulsive at all distances, thereby decoupling the two micro-rafts completely ( Figs. 1h  and 1i , see the section on the model for pairwise interactions in Methods and Supplementary  Figs. 2 and 3 for details).
The study of the pairwise interaction provides insights into various collective behaviors of hundreds of micro-rafts. In particular, we found that the decoupling transition in the pairwise interactions gives rise to the disorder-to-hexatic phase transition ( Figs. 2a -2b, Supplementary  Videos 2 -4) . This transition is characterized by the norm of the hexatic order parameter |ψ6| (Supplementary Fig. 4a ). Intuitively, higher values of |ψ6| mean better local 6-fold orientational ordering. <|ψ6|>N denotes the number average of |ψ6| of all micro-rafts in one video frame, and <|ψ6|>N,t denotes the time average of the number averages. <|ψ6|>N,t increases sharply as the rotation speed Ω increases from ~20 rps to ~23 rps ( Fig. 2b) . In colloidal systems, the hexatic phase possesses short-range positional order and quasi-long-range orientational order, characterized by an exponential decay in the positional correlation and an algebraic decay in the orientational correlation, respectively 29, 30 . Similarly, in the hexatic phase of micro-raft collectives, we observe an exponential decay in positional correlation and an algebraic decay in orientational correlation (Supplementary Fig. 4b-c) , which suggest short-range positional order and quasi-long-range orientational order, respectively. Moreover, the critical exponent of the disorder-to-hexatic transition is 0.36 for experiments and 0.45 for simulations, both within the universal 0.3 -0.5 range 31 (Supplementary Fig. 4d ). These analyses suggest that although the number of micro-rafts in the collective is relatively small, as compared with colloidal systems, its hexatic phase shares characteristics with the hexatic phase in equilibrium systems.
In addition to the characterization by order parameters and critical exponents, we seek to extract information from the collective phases. We reason that, because local interactions determine global behaviors in a collective system, the information about the global phases of the micro-raft collective should manifest itself in the local environments of individual micro-rafts. Therefore, we devise a new information measure based on the distribution of neighbor distances to characterize the collective phases. We define the entropy by neighbor distances = − ∑ log 2 ( ), where pi =Xi/X is the probability of a neighbor distance that falls within a distance range i; X is the total count of all neighbor distances of all micro-rafts in one video frame, and Xi is the count of these neighbor distances that fall within a distance range i. Intuitively, higher values of HNDist means more uniform distribution of the neighbor distances. For example, the disordered phase at 19 rps has a more uniform distribution of neighbor distances than the hexatic phase at 23 rps and hence has a larger <HNDist>t ( Fig. 2c) . In other words, the disordered phase has more uncertainty or more information than the hexatic phase. The disordered-to-hexatic phase transition corresponds to a decrease in <HNDist>t from Ω = ~ 20 rps to ~ 23 rps ( Fig. 2d) .
Two other phases can be identified. The one at 12 -14 rps is more closely packed than the disordered phase at 15 -20 rps, as indicated by a drop in the average distances to neighbors ( Supplementary Fig. 4e ), so we call it the compact disordered phase. It is barely distinguishable by |ψ6| ( Fig. 2b ) but more discernable by HNDist (Fig. 2d) . The compact disordered phase is more distinguishable by |ψ6| or HNDist when the air-water interface of the arena is concave ( Supplementary Fig. 5 ). At the other end of rotation speeds (>40 rps), the hydrodynamic repulsion increasingly dominates, and the hexatic phase gradually expands to conform to the square shape of the arena. This expanded hexatic phase has some gas-like characteristics that will be explored later in the paper.
While the decoupling transition of the pairwise interaction gives rise to disordered-tohexatic transition in the collective phases, the assembling transition of the pairwise interaction gives rise to transitions to clustered and tiled phases. Specifically, as Ω lowers below 10 rps, clusters of micro-rafts appear and grow, and with a concomitant decrease in the magnetic field strength, the micro-rafts eventually form tiles ( Supplementary Fig. 6a -6d ). We found that mixing low magnetic field strengths (1 mT) at low rotation speeds (<1 rps) with short periods of high field strength (10 mT) at high rotation speeds (≥1 rps) produces an effect similar to annealing in crystal growth. Fig. 3a and Supplementary Video 5 demonstrate the successive phase transitions of a micro-raft collective from a hexatic, to a disordered, to a compact disordered, to a clustered, and finally after annealing using mixed Ω's, to a tiled phase. The 6-fold symmetry of micro-rafts allows the use of a single order parameter ψ6 to characterize the entire process. Remarkably, HNDist also shows high sensitivity in detecting the subtle changes of structural order throughout the transition process: a drop in <|ψ6|>N is always accompanied by a rise in HNDist (Fig.  3b) . Analyses of positional and orientational correlations for the tiled phase indicate both longrange positional order and 6-fold orientational order ( Supplementary Fig. 6e -6f ), akin to a crystalline phase.
Compared with ψ6, a unique feature of HNDist is its applicability in characterizing the tiling of micro-rafts of other symmetries. Indeed, for micro-rafts of 4-fold and 5-fold symmetries ( Supplementary Fig. 7) , the characterization of their tiling requires the tetratic and pentatic order parameters, respectively. HNDist, however, is applicable to both cases and was used to compare the degree of perfection in the tiling of different symmetries: tiling of micro-rafts with 6-fold symmetry has the lowest <HNDist>t because it tolerates imperfections the most ( Supplementary  Fig. 7h ).
Next, we apply the micro-raft collectives to mimic two well-known phenomena in physics: effusion and mixing of gases. In the effusion experiments ( Supplementary Fig. 8 and Supplementary Video 6), the boundary of the arena has a gap on one side. At high enough rotation speeds (Ω > 40 rps), the collective expanded, and the micro-rafts escaped through the gap. It demonstrates the gas-like property of the expanded hexatic phase. Similarly, in the mixing experiment ( Figs. 4a -4b and Supplementary Video 7) , micro-rafts of 400 µm and 300 µm in diameter -initially placed on the left and right half of a rectangular arena, respectively -moved across the boundary made of three protruding posts in the middle and spread out into the entire arena. To quantify the mixing process, we calculated two types of entropies: one based on the idea of entropy change in the free expansion of gases in statistical mechanics and the other based on an extension of entropy by neighbor distances. The first one is Δ = ∑ , ln� , � + , ln ( , ), where i (= 1,2) is the index for the type of micro-rafts, and xi,L and xi,R are the fractions of microrafts of type i on the left and right half of the arena, respectively. The second entropy modifies HNDist to include only distances between neighbors of different types and is therefore labeled HNDist12. Although both entropies reached plateau values as mixing progresses ( Fig. 4b) , HNDist12 increased more rapidly and plateaued at 50 s when the number of micro-rafts in the right half was still higher than in the left half. It is because HNDist12 uses local measures and characterizes the local mixing, whereas ΔS uses global statistics and quantifies the extent of mixing in terms of the distribution of micro-rafts between the two halves.
Finally, we show a mimic of predator-prey behavior in biology and demonstrate another extension of HNDist to extract temporal information from a robotic collective at the small scale ( Figs. 4c -4d, Supplementary Video 8 ). We used a protruding copper rod as a predator to capture micro-rafts (preys) from a collective. As the predator moved across the collective, it captured and removed one micro-raft from the collective. The information of this event is embedded in the temporal relations of the micro-raft positions. To quantify this information, we calculate pairwise mutual information using the smallest of neighbor distances. Specifically, the smallest of neighbor distances of one micro-raft over a period of time (0.1 s) form a time series and has an entropy HNDistMin based on the one-dimensional (1D) histogram of the time series. Two micro-rafts have a joint entropy HNDistMin,joint based on the 2D histogram of the two time series. Their mutual information is INDistMin(i, j, t) = HNDistMin(i, t) + HNDistMin(j, t) -HNDistMin,joint(i, j, t) ( Supplementary  Fig. 9a ). The average mutual information < INDistMin> is obtained by averaging over all pairs ( Fig.  4d and Supplementary Fig. 9b ). < INDistMin> increased as the predator entered the collective and decreased after the predator left the collective. Figuratively speaking, the collective sensed the proximity of the predator, shared the information through their interactions, and returned to their original pattern after the predator left. Three other similar cases -when no micro-raft was captured, or when the predator moved along the periphery of the collective (scouting), or when the predator captured two micro-rafts -demonstrate that only when the predator enters the prey (the collective) does the mutual information increase significantly (Supplementary Fig. 10 ). We emphasize that < INDistMin> is calculated based on local information, more specifically, the local fluctuations in the neighbor distances, but it informs us about the global dynamics of the collective.
In conclusion, we have demonstrated the phases of the micro-raft collectives, characterized them using methods borrowed from equilibrium thermodynamics, and devised information measures based on neighbor distances to correlate with the thermodynamic analysis. The simplicity of the devised information measures allows extensions to the analyses of other collective systems and phenomena, as demonstrated by examples of relevance in physics and biology. Future work will address how to use this information to do thermodynamic work 20, 21 , to control the collective to achieve functions, and to process information to perform computation in a collective system 22 
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Methods:
Preparation and characterization of the micro-rafts. Micro-rafts were designed in Rhinoceros 3D with the aid of the Grasshopper plug-in. They were fabricated on Nanoscribe Photonic Professional GT with a 25x objective and with IP-S photoresist in the dip-in mode. The slicing distance was set to be adaptive from a minimum of 0.5 µm to a maximum of 3 µm. The hatching distance was 0.3 µm; the hatching angle 45°; hatching angle offset 72°. The number of contours was 3.
Thin films of ~500 nm cobalt and ~60 nm gold were sputtered onto the micro-rafts using Kurt J. Lesker NANO 36. The base vacuum pressure before the sputtering was <5 × 10 -7 torr. Cobalt was sputtered at 100 W and under a sputtering pressure of ~4.2×10 -3 Torr; gold was sputtered at 40 W and under a sputtering pressure of ~2.7×10 -3 Torr.
Scanning electron microscope (SEM) images of the micro-rafts were taken on EO Scan Vega XL at 20 kV. Laser scanning confocal microscope images were taken on Keyence VK-X200 series with a 20x objective. The optical microscope images were taken on Zeiss Discovery V12 using Basler camera acA1300-200uc. The magnetic hysteresis curves of 500 nm cobalt film sputtered on a 30-mm-diameter coverslip was measured on MicroSense Vibrating Sample Magnetometer (VSM) EZ9. Digital holographic microscopy (DHM) images were recorded and analyzed on Lyncée Tec reflection R2200 with a 5x objective.
Fabrication and calibration of the electromagnetic coil systems. The custom-built Helmholtz coil system consists of two 5-cm-radius x-coils and two 8-cm-radius y-coils. The enameled copper wire is 1.41 mm in diameter. The frames of the coil system were designed in Solidworks and 3D printed by Stratasys Fortus 450mc. The material of the coil frame is Ultem 1010, which has a high heat deflection temperature of 216 °C. Each coil was driven by an independent motor driver acting as a current controller (Maxon ESCON 70/10). The power for the current controllers was supplied by Mean Well, SDR -960 -48 (48 VDC at 20 A). The four motor drivers were connected to the analog output channels of a National Instruments USB-6363, which was controlled by a LabView program on a PC. The dynamic performance of the current controllers was tuned manually in the vendor's software Maxon Studio, and the gain and integration time constants were adjusted so that the commanded currents were able to track signals up to 100 Hz without noticeable roll-off in magnitude or phase delays.
Each coil was independently calibrated by measuring the B-field in five locations in the workspace. The mapping was automated using a three-axis stage made of three linear stages (LTS300 Thorlabs). The measured B-field was used to calculate the current-to-B-field matrix MAtoB. Inversion of the MAtoB gives the B-field-to-current matrix MBtoA. 
Experimental procedures. Pairwise experiments ( Fig. 1, Supplementary Fig. 3a, 3c -3d) were performed in the arena of 8 mm diameter shown in Supplementary Fig. 1d . The air-water interface was kept flat. Videos were recorded in three sequences, one for each type of transitions:
(1) Ω = 10 rps -22 rps (decoupling transition), in steps of 1 rps (red curve in Fig. 1f ), (2) Ω = 21 rps -6 rps (assembling transition), in steps of 1 rps, (black curve in Fig. 1f ), (3) Ω = 7 rps -20 rps (disassembling transition) -22 rps (decoupling), in steps of 1 rps (green curve in Fig. 1f ). The field strength was 10 mT for all sequences. There was a gap of about 60 s between two rotation speeds to allow the micro-rafts to reach steady states. 2 s of data were recorded for each rotation speed. The magnification of the zoom lens was 2.5x. We also performed pairwise experiments at other magnetic field strengths (1 mT, 5 mT, and 14 mT) and observed that the disassembling transition did not occur for all pairs of micro-rafts nor all B-field strengths. These data will be reported separately.
Experiments with 218 micro-rafts ( Fig. 2a -2d, Supplementary Fig. 4 -5) were performed in the square arena with an edge length of 15 mm, shown in Supplementary Fig. 1e . For both flat and concave air-water interfaces, videos of 1 s were recorded for Ω = 70 rps -10 rps in steps of 1 rps, and then videos of 20 s were recorded for Ω = 70 rps -10 rps in steps of 10 rps. There was a gap of at least 60 s between two video recordings to allow the micro-rafts to reach steady states. The magnetic field strength was set to be 16.5 mT to prevent micro-rafts from stepping out. This batch of micro-rafts was produced in the summer, and its magnetic moment is not as high as those produced in the winter, so a higher-than-usual field was used. The magnification of the zoom lens was 0.57x.
Experiments for the tiling of micro-rafts were separated into two parts. The first part corresponds to the data presented in Supplementary Fig. 6 and were performed in the square arena with an edge length of 15 mm, shown in Supplementary Fig. 1e . Videos of 10 s were recorded for Ω = 10 rps to 1 rps in steps of 1 rps at B = 14 mT, and then for Ω = 1 rps at B = 10 mT, for Ω = 0.75 rps at B = 10 mT, for Ω = 0. The magnification of the zoom lens was 0.8x. Similar methods were used for the tiling of microrafts of 4-fold and 5-fold symmetries (Supplementary Fig. 7) .
The second part of the tiling experiment corresponds to the data presented in Fig. 3 . The airwater interface was kept flat. Videos were recorded for 15 minutes continuously. The magnification of the zoom lens was 0.8x. The rotation speed and field strength were set according to the list described below. Fig. 8) were performed in the 10-mm square arena with a 2 mm opening on the right side ( Supplementary Fig. 1f ). The air-water interface was kept flat. 184 micro-rafts of 300 µm in diameter were placed in the arena. The rotation speed was initially set to 30 rps, and the micro-rafts form a hexatic phase inside the arena. Videos of 2 min were recorded after Ω was set to a 40 rps or 50 rps or 60 rps, or 70 rps, or 80 rps. The magnetic field strength was 14 mT. Effusion occurred only for Ω = 50 rps or higher. The magnification of the zoom lens was 0.8x.
The effusion experiments (Supplementary
The mixing experiment ( Fig. 4a -4b) was performed in the arena in Supplementary Fig. 1g with 50 micro-rafts of 400 µm in diameter and 73 micro-rafts of 300 µm in diameter placed in the left and the right half, respectively. The air-water interface was kept flat. The rotation speed was initially set to 30 rps so that the micro-rafts stayed in their respective compartments. One video of 5 min was recorded after the rotation speed was set to 70 rps. The magnification of the zoom lens was 0.57x.
The predator-prey experiments (Fig. 4c -4d and Supplementary Fig. 9 -10) were performed in the arena consisting of a ring of posts (Supplementary Fig. 1h) . The air-water interface in the arena was concave. A protruding copper rod was used as the predator, a collective of 55 micro-rafts of 300 µm in diameter was used as the prey. Videos were acquired at 500 fps by Phantom MiroLab140 high-speed camera. Video recordings started when the rod entered the arena and stopped when the collective again reach steady-state after the rod left the arena. The magnification of the zoom lens was 0.57x.
Video acquisition and analysis. Experimental videos were recorded using Basler acA800-510uc or Phantom Miro Lab140. The cameras were mounted on Leica manual zoom microscope Z16 APO. LED light source SugarCUBE Ultra illuminator was connected to a ring light guide (0.83'' ID, Edmund Optics #54-176), which was fixed onto the coil frame using a 3D-printed adapter.
The experimental videos were analyzed with a custom Python code using the OpenCV library. For pairwise data, the positions and the orientations of the micro-rafts were extracted to calculate edge-edge distances and angular orbiting speeds. For many-raft data, the positions of micro-rafts were extracted. Voronoi diagrams were constructed to identify neighbors and to calculate ψ6, HNDist, and other parameters that characterize structural orders and information content.
The hexatic order parameter was calculated according to
where K is the number of one micro-raft's neighbors; k is the neighbor index; θk is the polar angle of the vector from the micro-raft to its neighbor k.
The spatial correlation of ψ6 was calculated according to
where 6, and 6, are the hexatic order parameters of micro-raft j and i, respectively;
is the normalization factor to ensure that 6 ( ) equals to unity at all r for a perfect crystal of a finite size. With this normalization, 6 ( ) is often called bond-orientational correlation function. In the code implementation, r was set to have increments of 1R, with R being the radius of micro-raft.
The positional order parameter is denoted by
where G is one reciprocal lattice vector; rj is the position vector of micro-raft j.
The spatial correlation of micro-raft positions was calculated according to
where = − is the vector from the center of micro-raft j to i; ∑ � − � , is the normalization factor to ensures that ( ) equals to unity at all r for a perfect crystal. In the code implementation, we reset the origin of the real space to rj to obtain rji for the calculation of exp • , and looped over all rj as origins. Finally, we averaged all six directions of the reciprocal lattice and obtain
For the entropy calculation in the many-raft and tiling experiments, the bin edges were r = 2R -9.5R in steps of 0.5R and r = ∞, with R = 150 µm. For the mixing experiment, the bin edges were r = 2R -9.5R in steps of 0.5R and r = ∞, with R = 175 µm (average of the two radii). For mutual information calculation in the predator-prey experiments, the bin edges were automatically calculated based on the values in the time series, but the number of bins was kept as 8.
Simulations. The capillary force and torque for edge-edge distances below 50 µm were simulated using Surface Evolver 2.7. A circle of 1mm in diameter was used as the outer boundary, and the two micro-rafts were positioned along the x-axis and separated by an edge-edge distance from 1 µm to 50 µm. The orientations of the micro-rafts were kept equal and varied from 0° to 60°. Total surface energy was obtained as a function of the edge-edge distance and the orientation of the micro-rafts. The capillary force was obtained as the negative of the derivative of the energy over distance. The capillary torque was obtained as the negative of the derivative of the energy over the orientation angle.
The capillary force and torque for edge-edge distances above 40 µm were computed according to equations in the section on capillary force and torque calculation in Matlab. The simulation for pairwise interactions and the collective phases of many rafts were performed according to equations in the sections on the model for pairwise interactions and model for manyrafts interactions in Python. In all simulations, the direction of the magnetic dipole is assumed to coincide with one of the six peaks of the cosinusoidal edge profiles. The angle between the direction of the magnetic dipole and the x-axis is considered as the orientation of the micro-raft.
In the pairwise simulations, the initial edge-edge distance of the two micro-rafts was set to be 100 µm, and the initial orientation angles of the two micro-rafts were set to be 0. The time step is 1 ms, and the total time varies between 2 -50 s. The analysis of steady states was based on the last 2 s of simulation data. The integration is solved using the Explicit Runge-Kutta method of order 5(4) in the SciPy integration and ODEs library. We observe that a steady-state was usually reached within 1 s.
In the simulations of collective phases, the initial positions of the rafts were aligned along a spiral on a square lattice. The center of the spiral is the center of the arena. The spacing between micro-rafts is 100 µm. The time step is 1 ms, and the total time is 10 s. The integration is solved using Explicit Runge-Kutta method of order 5(4) in the SciPy integration and ODEs library. We observe that steady states were reached after 6 -7 s. 
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where and are the position vectors of micro-rafts;
= − is the vector pointing from the center of micro-raft j to the center of micro-raft i;
and are the orientations of micro-rafts;
d is the edge-edge distance;
is the angle of dipole moment with respect to . It is assumed to be the same for both microrafts, as = = in scheme 1 in the section on magnetic dipole force and torque calculation.
is the instantaneous spin speed of micro-rafts;
= Ω is the orientation of the magnetic field;
Ω is the rotation speed of the magnetic field;
is the radius of micro-raft (150 µm);
is the dynamic viscosity of water (10 -3 Pa·s);
is the density of water (10 3 kg/m 3 );
is the magnetic dipole moment of the micro-rafts (10 -8 A·m 2 ); is the magnetic field strength (10 mT); 
where the coefficients are defined as the following (S. Kim, S. J. Karrila, Microhydrodynamics (Butterworth-Heinemann, 1991)): Model for many-rafts interactions. If the edge-edge distance dji ≥ lubrication threshold (=15 µm, or 0.1R),
Where is the magnitude force due to curvature of the air-water interface and is set to be 0 N for the flat case and 5.7×10 -9 N for the curved case in Supplementary Fig. 5 ;
is the position vector of the center of the arena; is the radius of the arena; , ℎ , , and are the distances of a micro-raft to the four sides of the arena.
If the edge-edge distance dji < lubrication threshold (=15 µm, or 0.1R) and dji ≥ 0,
If the edge-edge distance dji < 0, a repulsion term is added to the force equation,
where is a small number (10 -10 µm/R); is set to be 10 -7 N.
Magnetic dipole force and torque calculation. The geometry of interaction between two magnetic dipoles is shown in scheme 1 below. Scheme 1. The geometry of dipole-dipole interaction. The blue arrows are the directions of magnetic dipole of micro-rafts. The red arrow is the center-to-center axis of micro-rafts.
The force by dipole j on dipole i (K. W. Yung, P. B. Landecker, D. D. Villani, An Analytic Solution for the Force Between Two Magnetic Dipoles. Magn. Electr. Sep. 9, 39-52 (1998))
where the hat � denotes a unitized vector;
= − is the vector pointing from raft j to raft i; 0 = 4 × 10 −7 / 2 is the vacuum permeability; mi and mj are the magnetic moments of micro-rafts.
αi and αj are defined in Scheme 1.
With the geometric relations � = cos( )̂+ sin( )̂×̂ ,
the force equation becomes 
The torque by dipole j on dipole i (P. B. Landecker, D. D. Villani, K. W. Yung, Analytic solution for the torque between two magnetic dipoles. Magn. Electr. Sep. 10, 29-33 (1999) ):
Capillary force and torque calculation. The area of the air-water interface with two static microrafts can be calculated analytically, and hence the surface energy is just the area times the surface tension of water. The surface energy is a function of the separation distance and the orientations of two micro-rafts. The capillary force and torque are calculated from the derivatives of this energy with respect to the separation distance and the orientation angle of the micro-rafts, respectively.
In general, any edge undulation profile ( ) can be expressed as the sum of its Fourier modes:
where An are the Fourier coefficients, and θ is the polar angle.
For two micro-rafts, the surface energy is the summation of all modes of both micro-rafts. Each mode can be calculated exactly in bipolar coordinates (K. D. Danov, P. A. Kralchevsky, B. N. Naydenov, G. Brenn, Interactions between particles with an undulated contact line at a fluid interface: Capillary multipoles of arbitrary order. J. Colloid Interface Sci. 287, 121 (2005)):
where σ is the surface tension of water;
Hi is the amplitude of the sinusoid on micro-raft i, and i = 1, 2 is the index of the micro-raft;
φi is the orientation of the micro-raft i, as in Scheme 1.
mi is the mode of the micro-raft i;
Sn and Gn,m are given below:
where acosh() is the inverse of the hyperbolic cosine function;
R is the radius of the micro-raft;
d is the edge-to-edge distance.
If α1 = α2 = α, the total energy then is
The capillary force and torques then are calculated as The compact disordered phase at 15 rps shows an exponential decay in g(r) and an algebraic decay in g6(r) and shows even lower <HNDist>t than the hexatic phase, suggesting that it is a phase distinct from the disordered phase. Its existence, however, is not captured in the current numerical model. 
